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Highly Accurate Modal Method for Calculating Eigenvector
Derivatives in Viscous Damping Systems

Qing-Hua Zeng*
Nanjing University of Aeronautics and Astronautics, Nanjing 210016, People's Republic of China

A highly accurate modal superposition method for computing complex eigenvector derivatives in viscous damp-
ing systems has been developed. When higher modes are truncated, the conventional modal superposition method
cannot give an accurate solution, and the errors may become significant. In this paper, calculating the derivatives
is regarded as calculating the structural response to harmonic exciting. Using multiple modal accelerations and
shifted-poles, highly accurate results would be obtained when only few modes are used. All of the available modal
superposition methods would be directly obtained from the proposed method. Numerical examples show that it
achieves better calculation efficiency than all of the available modal methods and Nelson's method when more
than one eigenvector derivative is of interest. Moreover, the presented method can be used to improve response
calculations and substructure syntheses.

Introduction

E IGENVECTOR derivatives with respect to system parameters
are widely used in structural design, structural stability anal-

ysis, finite element model updating, and structural control. Since
the earlier work of Fox and Kapoor,1 many methods have been
developed.2'3 All of the available methods could be categorized
into three groups: modal method,1'3'4 direct method,1'4 and iter-
ation method.5'6 Most of the iteration methods suffer from slow
convergence rates and are less efficient. Recently, Ting6 improved
the effectiveness of the method. Because the direct methods give
out the exact solutions, they are widely used. However, when the
derivatives of a large number of eigenvectors are demanded, the cal-
culation is very time consuming. Here, the modal methods are more
suitable.

The modal methods employ a modal superposition idea; there-
fore, the accuracy is dependent on the number of modes used in
calculation. When the complete set of eigenvectors is used, the ex-
act solution could be obtained. To guarantee the accuracy, the clas-
sical modal method1 needs higher eigenvectors. Recently, Wang4

presented a modified modal method, in which a modal acceleration
type approach was used to approximate the contribution of trun-
cated higher modes. Therefore, the modified modal method con-
verges faster than the classical method. Ma and Hagiwara7). im-
proved the modified method with an appropriate shift value, better
convergence than that of the modified method is achieved, and sys-
tems having zero eigenvalues can be directly analyzed. To further
improve the convergence, the improved modified modal method8'10

and accurate modal superposition method9 have been proposed by
several researchers. The basic original idea of the aforementioned
improved modal methods was found in the Hu's book.11 The idea
was used to improve the convergency of dynamic flexibility in series
form for no damping systems.

All of the aforementioned methods were used for real eigen-
vectors. For the cases of complex eigenvectors in viscous damp-
ing systems, the three groups of methods were presented.12'13 The
classical modal method for the complex eigenvectors, which was
similar to the method presented in Ref. 1 for real eigenvectors,
suffers from heavy modal truncation errors. Recently, Akgun14

presented a new family of modal methods for the calculation of
the derivatives in non-self-adjoint systems. The modal accelera-
tion approach was used to improve the convergence. In this paper,
calculating the derivatives in viscous damping systems is regarded
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as calculating a structural response to a harmonic exciting, using
multiple modal accelerations and shifted-poles; a highly accurate
modal method for calculating the derivatives has been developed.
There are clear mathematical and physical meanings in conduct-
ing the proposed method, from which all of the available meth-
ods would be directly obtained. Furthermore, fewer eigenvectors
(even only the specific eigenvector that is being considered) are re-
quired for the predetermined accuracy. As a result, the method is
more efficient in computation than Akgun's method and Nelson's
method when more than one eigenvector derivative is of inter-
est. Numerical examples show that the proposed method is cor-
rect and drastically improves solution accuracy. The method can
directly be applied in systems with zero eigenvalues. Although
the method is developed to calculate eigenvectors derivatives, it
can be used to improve response calculations and substructure
syntheses.

Analysis
Governing Equations

The general equation of motion for an N degree-of-freedom
(DOF) system with viscous damping and excitation is

MX + Cx + Kx = g(t) (1)

where M, K, and C are TV x N mass, stiffness, and damping ma-
trices, respectively. The matrices are real, symmetric, and positive
definite. Equation (1) can be rewritten in the following form,

(2)

where

A =
C M
M

Ml

»J

Consider g(t) = 0 and general trial solution y — <&est, and we
obtain the eigenequation

(sA + = 0 (3)

The N pair complex conjugated eigensolutions (eigenvalues Sj and
s*9 and eigenvectors <I>7 and <E>*, j = 1, 2 , . . . , N) are determined
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by the solution of Eq. (3). A modal matrix \js is formed by the
eigenvectors, and orthogonality properties may be expressed as

(4a)

Simply writing Sj as s, O7 as <$, and a-} as a and taking derivative
of Eq. (3) with respect to system parameter p yield

ds
--dp

dA
—
dp

8B
— <dp ) — =0dp

The following two equations can be sequentially derived

ds f Tf dA dB\ 1 I $>T(sA + B)<
— = — <£ I s — <& H- — 1O la — —————•dp [ \ dp dp) J/ a

3* f ds dA dB\
(sA + B)—— = -[ 7-A + s—+ — ) 4 >

dp \ dp dp dp)

(5)

(6)

response to harmonic excitation /V. With the modal superposition
approach, we obtain

Sk

T I \* ~l£t/*L L*-T J" (ID
When 5 approaches the limit Sj, the derivative of the jth eigenvector
can be presented as

. . , 7 V

(4b)

(4c)

(4d)

dj — 2^ ———— + ———— - —

[ , ,T I / , ,T / \ *~ i
<P , ; <P • / Cl i 1 <P , O / <2 ; 1
; ; / ; + l J ;/,; .*-*, 5-.; J

where

(12)

lim —^— = lim ^(sA + B)— I (s - s,)
s-+Sj S -Sj s-+Sj |_ J dp J/

Because of the symmetric of the matrices A and B, the previous
limitation 0/0. Using Eq. (10), the limitation is found

lim
s-+Sj S — Sj 2 j dp J

Substitute Eq. (13) into Eq. (12), and let

(13)

and d; can be represented as

Let
• + •*;*->* ]^7 A/: J

+ • (14)

__(ds_ dA dB\
\dp dp dp J

Equation (6) is simply rewritten as

(sA + B)

(7)

(8)

From Eqs. (3) and (4a), the derivative of the y'th eigenvalue Sj can
be expressed as

From Eq. (9) the derivatives of the j th modal frequency and damping
ratio can be calculated. In no repeated eigenvalues cases, the rank
of the matrix (sjA + B) is 27V - 1. To solve Eq. (8), the following
equation, which is derived by taking the derivative of Eq. (4c), should
be supplemented

(10)

Modal Superposition and Modal Acceleration
Comparing Eq. (8) with Eq. (2), we find out that computing

the derivative d by solving Eq. (8) is equivalent to computing the

The convergence of Eq. (14) is poor. For accurately calculat-
ing the derivative d/, the higher modes are required. In a prac-
tical situation, there are only some lower modes available, and
modal truncation errors will be significant. In response calcula-
tions, the modal acceleration approach15 is used to speed up the
convergence and reduce the truncation errors. Separate the re-
sponse d into a pseudostatic response ds0 and a dynamic correction
response d^o

d = ds0

where

= d - dsQ

Substituting Eq. (4) into the previous equation, it yields

1 is
-sk) \sk
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Hence, the total response is

f (15)

Comparing Eq. (15) with Eq. (11), the derivative becomes

N

<,- «-+.E sk Sj-sk

|

V+dj . (16)

When /c > j, and Is//-5*! < 1, the convergence of Eq. (16) is better
than that of Eq. (14). The effects of truncated higher modes are
reduced.

Multiple Modal Accelerations
In the modal acceleration approach, the convergence of the series

is speeded up through preliminary calculation of the pseudostatic
response dsQ to the excitation /. Based on the similar idea, if the
"pseudostatic" response d^i to the combination force of / and inertia
force that comes from the response dsQ is preliminarily calculated,
the convergence would be further improved for including the effects
of the inertia (and damping). The pseudostatic response is

or

dsl = B~l[I -sAB~l]f

At this time, the dynamic correction is

dji = d - d,i

Based on Eq. (4), we have

-sk)

By the similar procedure as the modal acceleration approach, the
eigenvector derivative is given as

When \Sj\ < |^|, there are

< 1

and Eq. (17) converges faster than Eq. (16). Based upon the similar

procedure, when multiple modal accelerations are used, we will
express the jth eigenvector derivative as

=0

For a larger value of Ma, the second series in Eq. (18) converges very
fast. Only using several lower modes, the highly accurate results
would be obtained. The first series can be calculated in iteration.
Equation (18) is similar to one presented by Akgun.14

Multiple Modal Accelerations with Shifted-Poles
There are two series in Eq. (18): one is the first Ma terms of

(SjA + B)~l expanded by Taylor's series at the center of the s
plane, and the other is the expansion of (Sj A -h B)'1 by complex
eigenvectors. To speed up the convergence of the second series, the
value of Ma should be as large as possible. In the first series, because

s
the series isn't convergent when j > l , \ S j / s \ \ > 1. The Ma
couldn't be too large for the first series. Therefore, it is difficult
to choose suitable Ma value for the two series. A key problem is
that the expansion of (s} A + B)~l at the center of the s plane isn't
convergent. We should expand (Sj A + B)~l in Taylor's series in the
region of Sj. The term (SjA + B)~l is expanded in Taylor's series
at the position ft as

(SJA + B)~l = [(B + PA- (Sj - /O(-A)]-1

= (B

= (B + PA)

1 A]

- (sj - 0)A(B
m=0

Let Ma = 1 and 2, respectively, through the similar previous pro-
cedure, and the y'th eigenvector derivatives are formulated as

m—Q

(19)

(17) Let ft satisfy

< 1, := 1,2, . . . ,#

For <f>J fj = 0, the first series is convergent. Since

when k > j
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Table 1 Relationships between each method and equation

ft
0

7^0

Ma

0
1

>1
=1
>1

c = o
(no damping)

Ref. 1
Refs. 3 and 4
Refs. 8-10

Ref. 7

C ^ O
(viscous damping

or non-self-adjoint)

Refs. 12 and 13, Eq. (14)
Ref. 14, Eq. (16)
Ref. 14, Eq. (18)

Eq. (19)
Eq. (19)

the convergence of the second series is further speeded up. Thus, to
calculate dy by Eq. (19), the accuracy will be increased, and the time
consumed would be decreased. Effects of inertia (and damping) have
been included since the second modal acceleration procedure in the
multiple modal accelerations method without shifted-poles. How-
ever, in the method with shifted-poles the effects have been included
since the first modal acceleration procedure. So, the convergence is
speeded up by shifting.

Discussion on Several Aspects
1. Relationships Between Each Method

Equation (19) is a general equation. Based on the values of
M a , f t , and C, we would conduct all available modal superpo-
sition methods. Table 1 exhibits the relationships between each
method presented in the different references and equations in this
paper.

2. Simplified Equation
At the s plane, if there are no other poles in the region of the pole

Sj , and ft is approximately equal to Sj , Eq. (19) can be approximately
rewritten as

= (B + 0A)-1 [/ - (Sj ~ ft)A(B + ftA)-l]fj + djj (20)

In this case, to calculate the derivatives of the j\h eigenvector, only
the y'th eigensolution is required. The computation cost in Eq. (20)
is mainly spent for calculating (B + ft A)~l , which is slightly larger
than that for solving 2N linear equations, and which is approxi-
mately equal to the cost by Nelson's method.

3. Determination of an Appropriate Shift Value j3
When more than one eigenvector derivative is of interest, only one

same shift value ft for all eigenvector derivatives is recommended.
If the derivatives of mode N\ to mode Afc are required, the shift
value can be decided as follows:

- A/i + 1)
(21)

With one shift value for all eigenvector derivatives, the inverse ma-
trix of (B + ft A) in Eq. (19) can be calculated only once. However,
with Nelson's method, the inverse matrices of (B + SjA) have to be
calculated for each eigenvector. Therefore, the presented method
would be more efficient than Nelson's method when more than
one eigenvector derivatives is required. With a same shift value,
Eq. (19) also converges faster than Eq. (18), and so the presented
method would be better than Akgun's method in accuracy and
efficiency.

4. Error Estimation for Ignoring Modes
Using Eq. (19) to calculate the yth eigenvector derivative, we

would only use several modes nearby the yth mode. The effects of
ignoring the lower order and higher order modes will be examined in
the following. Let djT be the exact value of the derivative calculated
with full modes, and dja the derivative calculated with the mode NL

to mode NU , NL < j < NU ; then the norm of the error between dja
and djT can be written as

\\djT - dja\\M =

< Max \\ldjT\\M

(22)

The relative error can be written as
\\djT~dja\\M8 =

\\djT\\M

< Max (23)

If we don't ignore the lower modes, then the relative error becomes
Ma

- ft
(24)

When 8 is the allowable margin of the error, we can find the smallest
NU to satisfy Eq. (24).

Numerical Examples
To illustrate the procedure, two discrete mass-stiffness-damping

systems, which have 10 and 20 DOE, respectively, are analyzed.
The elements of the mass, stiffness, and damping matrices are de-
termined as follows:

k(i,i - 1) =
k(i- l , z ) =
c(/,i -!) =
c(i- I , / ) =

1000 * i

- 10,000
-10,000
-!
-1

/ = 1,2, . . . , 7 V

i = 2, 3,

where N is the DOF of the system. Tables 2 and 3 list the poles,
modal frequencies, and damping ratios of the 10-DOF system and
the 20-DOF system, respectively. The eigenvalues are rather closely
spaced, which would simulate the cases in aeronautic and astronautic
systems. The derivatives of the third and the first three eigenvectors
with respect to the stiffness between DOF 5 and ground are calcu-
lated. For the different values of Ma and ft, the numbers of required

Table 2 Poles, modal frequencies, and damping ratios of the
10-DOF system

Mode
no.

1
2
3
4
5
6
7
8
9
10

Real

-1.0526
-0.8953
-1.0710
-1.3673
-1.6777
-1.9766
-2.2378
-2.4081
-2.3804
-2.2556

Poles

Image

70.6869
93.7148
112.2769
131.5218
150.6094
168.2528
183.5569
195.9152
205.4435
214.4697

Frequncies,
Hz

11.2514
14.9159
17.8702
20.9335
23.9717
26.7801
29.2162
31.1832
32.6995
34.1358

Damping,
%

1.489
0.955
0.954
1.040
1.114
1.175
1.219-
1.229
1.159
1.052
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Table 3

Mode
no.

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20

Table 4

Mode
no.

1

2

3
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Poles, modal frequencies, and damping ratios of the
20-DOF system

Poles Frftqnpnr.ifts) Damping,
Real Image Hz %

-1.0511 70.6768 11.2498 1.487
-0.8335 93.1344 14.8234 0.895
-0.7662 107.9167 17.1759 0.710
-0.7440 119.3376 18.9935 0.623
-0.7472 128.8146 20.5018 0.580
-0.7954 137.1824 21.8336 0.580
-0.9157 145.2729 23.1214 0.630
-1.0793 153.5870 24.4447 0.703
-1.2527 162.0783 25.7963 0.773
-1.4254 170.5110 27.1386 0.836
-1.5945 178.6618 28.4360 0.892
-1.7566 186.3442 29.6589 0.943
-1.9032 193.3993 30.7820 0.984
-2.0107 199.7150 31.7872 1.007
-2.0411 205.3552 32.6849 0.994
-2.0125 210.7107 33.5372 0.955
-1.9921 216.2239 34.4146 0.921
-1.9966 222.1465 35.3571 0.899
-2.0189 228.7388 36.4063 0.883
-2.0577 236.6441 37.6645 0.869

Number of required modes for 6 < 1 % in 10-DOF system

Required modes for 8 < 1%

Ma ft = 0 ft = 0.99s j ft — (s\ + 52 + ^3)/3

0 10 —— ——
1 9 2 9
2 9 1 5
3 5 1 3
4 5 1 2
5 3 1 2
O i n1U

1 9 3 3
2 9 1 1
3 5 1 1
4 5 1 1
5 5 1 1
n 10u iu ——— ———
1 10 4 9
2 10 1 5
3 9 1 5
4 9 1 4
5 6 1 2

Table 5 Number of required modes for 6 < 1 % in 20-DOF system

eigenvectors to find the derivatives whose relative errors are less
than 1% are shown in Tables 4 and 5. From Tables 4 and 5, we can
find the following:

1) Many modes are required for the normal modal superposition-
method (ft = 0, Ma = 0), otherwise mode truncation errors will be
significant.

2) More modes are required for the modal acceleration with shift-
ing^ = 0, Ma > l,Akgun's method14). There are mode truncation
errors when a smaller value of Ma and few modes are used, or there
are roundoff errors when a larger value of Ma is used. To decrease
the roundoff errors and truncation errors, many modes are required.
The key problem is that the first series in Eq. (18) isn't convergent.

3) Not a few modes are required for one modal acceleration
with shifting (ft > 0, Ma = 1, similar to the method of Ma and
Hagiwara7). Especially in the case of one shift value for more than
one eigenvector derivative, many modes are also required for further
decreasing the truncation errors.

4) Very few modes are required for the multiple modal accel-
erations method with shifting (ft > 0, Ma > 1). When Ma > 2
and different shift value (ft = 0.99s;) for each derivative, only one
eigenvector that is being considered is required. In practical situa-
tions, choosing ft & Sj, the satisfied results would be obtained by
Eq. (20). Using a same shift value for three derivatives, and selecting
Ma — 2 or 3, only few modes are required.

Mode
no.

1

2

3

Ma

0
1
2
3
4
5
0
1
2
3
4
5
0
1
2
3
4
5

Required modes for 8 < 1% errors

£ = 0 0 = 0.99s, P = (si+s2 + *3)/3
17
15 2 15
15
7
7
3

17
16
16
9
9

8
4
4
4

4
3
1
1

7 1 1
17
16 4 15
16 1 8
12 1 4
12 1 4
8 1 4

Table 6 Relative cost and required modes (in parentheses) for
6 < 1%

DOFs
Deriv. of mode

Nelson's

£ = 0, Ma = 0
(modal method)
P = 0, Ma = 3
(Akgun's method)
ft > 0, Ma = 1
(Ma's method)
0 > 0, Ma = 3
(presented method)

1

3

100
(1)
9.0
(10)
123
(9)
113
(4)
113
(1)

V = 10
1,2,3

300
(3)
27

(10)
140
(9)
127
(9)
136
(5)

3

100
(1)
5.0
(17)
123
(12)
120
(4)
120
(1)

N = 20

1,2,3

300
(3)
15

(17)
133
(12)
127
(15)
129
(4)

In several previous cases, the computation cost is much different
from each other. Table 6 shows the relative cost and the number of
required modes for 8 < 1% relative errors. The cost for calculating
eigensolutions isn't included/From Table 6, comparing the cost and
the required modes, the multiple modal accelerations with shift-
ing method is most efficient. Especially for large-scale systems, its
efficiency would be more marked.

Conclusions
This paper analyzes the convergence of the modal superposi-

tion methods for calculating eigenvector derivatives in a viscous
damping system and provides effective strategies to speed up the
convergence and to reduce the more truncation errors. A multiple
modal accelerations and shifted-poles method is presented and im-
plemented. The results of sample problems are reported and show
the effectiveness of the method. The proposed method can greatly
improve the accuracy and has the least computation cost within a
given margin of accuracy compared with available modal superposi-
tion methods and Nelson's method when more than one eigenvector
derivative is of interest.

The presented method can be applied directly in systems with zero
eigenvalues. Although the method is developed to calculate eigen-
vector derivatives, it can be used to improve response calculations
and substructure syntheses.
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